In conventional approaches, the power spectrum of primordial perturbations is characterized by free parameters such as the spectral index, its running, the running of running and the tensor-toscalar ratio. In this work we show that, at least for simple inflationary potentials, one can find the primordial scalar and tensor power spectra exactly by summation over all of the running terms. In this method, we expand the power spectra about the pivot scale and then find the series terms as a function of e-folding number for models of inflation. Interestingly, for the models studied here one can sum over all terms and evaluate the exact form of power spectra. This in turn reduces the parameter space because in our method there are no spectral indexes and running terms. We compare our results to the recent CMB data and find that our new power spectra have good agreement with data although they contain less free parameters.
INTRODUCTION
The recent precision data released by Planck collaboration favor the inflation as a paradigm to explain the temperature fluctuations in the Cosmic microwave background (CMB) and also large scale structure formation [1, 2] . As it is convenient, Planck considers a power law form for the spectrum of primordial curvature perturbations,
with the scalar amplitude P R (k * ) and spectral index n s all defined at the pivot scale k * . Fitting with the Planck data combined with WMAP large-angle polarization (WP) data gives n s , P R (k * ) and tensor-to-scalar ratio r at k * = 0.002M pc −1 as [1] n s = 0.9603 ± 0.0073 , r < 0.12 (95% CL) , and ln 10 10 P R (k * ) = 3.089
+0.024
−0.027 .
first time [5] [6] [7] [8] . By this method one can constrain the observable part of the inflaton potential in the interval of φ corresponding to the scales of CMB. The observable parameters n s , d n s /d ln k and r are given as a function of the slow-roll parameters which are calculated at k * . Now it is possible to include the slow roll parameters in the parameter estimation process. Using the slow roll flow equations [9, 10] , one can compute their values at all times or any values of k. The slow roll hierarchy can be truncated at any given point and then one can put constraint on the slow roll parameters. In this method one finds no direct constraint on the relevant parameters n s , r and d n s /d ln k. However, using the constraint on the slow roll parameters one can constrain these parameters to every order in slow roll and moreover reconstruct the inflationary potential to every order of Taylor series around φ * by assuming a flat prior on the slow roll parameters [5] [6] [7] [8] .
The third approach proposed by [11] , considers the specific inflationary models with one or more free parameters. It is assumed that the reheating phase is also controlling by another free parameters. In this method, the power spectrum is calculated numerically without assuming slow roll approximation. This can be performed by adopting numerical codes for an efficient computation of inflationary perturbations. For the end of inflation one can consider at least three possibilities according to different entropy generation mechanisms [1] . This method significantly reduces the theoretical uncertainty in the parameter space of inflationary models. However the comparison between the resulting constraints of this method to the standard analysis with n s , r and dn s /d ln k parameterizations is not straightforward.
In this paper we constrain the inflationary models by a different approach. However, our method has similarities with the method of [12] . The main property of our work is that for the single field inflationary models we calculate the scalar and tensor power spectra as a function of k with e-folding number, N (k * ), as free parameter. There are no spectral indexes, the running, the running of running or tensor-to-scalar ratio parameters in the power spectra calculated by our method. In fact we sum over the running terms to all order. Hence, the parameter space is reduced considerably. Using the CMB data analysis one can find the best fit value of e-folding number, N (k * ), for inflationary models and therefore using this it will be possible to favor the models of inflation. Here, we have studied the three type of single field inflation models in this paper.
The paper is organized as follows: In section II we review deriving the scalar and tensor power spectra and find a representation for spectral indexes n s (k) and n t (k) by expanding about the pivot scale k * . In section III we discuss how the e-folding number, N (k), is generally constrained in inflationary paradigm. Then we turn to the inflation models with chaotic, hill top and Starobinsky potentials and find their power spectra as a function of N (k * ). In section IV we present our CMB data analysis and compare the predictions of the new power spectra with the results conventional ΛCDM model.
II. THE RUNNING OF SPECTRAL INDEX
We consider a single field inflation with potential V (φ). By conventional, the slow roll parameters are defined by [13] 
where the primes denote the derivative with respect to the inflaton field φ. The slow roll condition is satisfied when V 1 and η V 1. The power spectrum of the curvature R can be Taylor expanded in terms of lnk around the pivot scale k * [13] ln
Using the second term of this expansion, the scalar spectral index is defined by n s (k
As well as, using the sequence of higher derivative terms one can define the running and the running of the running of the spectral index in the following form respectively
where the running of running parameter, β s (k * ), for the first time was measured by Planck [1] . By the same approach one can expand the tensor power spectrum P t (k) about the pivot scale k * as
where P t (k * ) = r P R (k * ) and therefore one can define the corresponding tensor spectral index
On the other hand, the standard calculations in the slow roll regime give the curvature and tensor power spectra in the following forms
where we have considered the power spectra up to the lowest powers of slow roll parameters. The accurate computations leads to the power spectra including the next to the leading order corrections [16] . Up to the first order in slow roll parameters and using the relation
now it is possible to derive the scalar and tensor spectral indexes and their associated running in terms of the slow roll parameters. With the straightforward calculations we find
where
and for the tensor perturbations we find [17] 
Now in general the power spectrum of curvature and tensor perturbations can be deduced in the following forms
where induce effectively the following expansions for the scalar and tensor spectral indexes respectively
and
The parameters n s (k) and n t (k) are given by considering the specific models of inflation. The series can be truncated by putting a cutoff on l. As an example the cutting off the series (20) at l = 2 is identical to a scalar spectral index with the running and the running of running corrections. For a general ΛCDM model the parameters such as n s (k * ), n t (k * ), α s (k * ) and β s (k * ) are taken as free parameters with specific prior assumptions. However, as we will show, for a given inflationary potential we can basically calculate these parameters in terms of e-folding number N * ≡ N (k * ). Hence, they are not all free parameters of model. In fact, in this approach the number of free parameters is reduced to fewer variables. Given that in the ΛCDM model a set such as (A s , r, n s , α s , β s , · · ·) may represents the parameters space associated with the primordial perturbations, the second approach gives the free parameters by (A s , N, · · ·) set for a typical model of inflation. Here, the dots denote the basic set of other post-inflationary cosmological parameters.
III. THE CALCULATION OF THE RUNNING OF SPECTRAL INDEX TO ALL ORDERS
As we described in the previous section for a given inflationary model, the running of the spectral index can be calculated order by order. From the order by order we mean that in the series (20) and (21) one can calculate the derivatives for each number of l. Accordingly, by summation over series terms one can find the spectral indexes with the running corrections to all orders. In order to find the series terms we first have to write down the slow roll parameters and also spectral indexes in terms of e-folding number N . This parameter measure the accelerated expansion of universe during inflation from a given time t where a mode passes the horizon to the time t e denoting the end of inflation. For a single field model, N is defined as [13] 
where φ e is the physical clock that determines the end of inflation. Despite the possible uncertainties, one can impose the upper and lower bounds on the number of e-folding. The main uncertainty is due to the stage of reheating. However, one can assume an instantaneous reheating to gain a maximum value for N . For a comoving scale k which crosses the Hubble radius during inflation, the e-folding number N (k) is given by [14, 15] 
where a 0 H 0 is the present horizon scale, ρ end is the energy density at the end of inflation, ρ reh is the energy density of universe at the reheating stage, H eq is denoting the energy scale of equality and w reh is the effective equation of state between the energy scales ρ end and ρ reh . For an extreme case where reheating is instantaneous, ρ end = ρ reh , and there is no significant reduction in energy density of inflation, so that ρ end = 3π
, we find a maximum e-folding number as
where for our present Hubble scale, k 0 = a 0 H 0 , r = 0.2 and P R (k * ) = 2.2 × 10 −9 gives N (k 0 ) 63. Nevertheless, for a prolonged reheating process the expected number of reheating will be reduced. Assuming 0 ≤ w reh < 1/3 for the reheating phase, we can write
The reheating energy density is defined by reheating temperature as ρ reh = π 2 g reh T reh /30 where g reh , the effective number of relativistic species at the end of inflation, is usually set g reh 100. We now rewrite N (k 0 ) in terms of reheating temperature through
where for an instantaneous reheating with r = 0.2 we gain get the previous result. If the reheating process continue to the electroweak era such that the reheating temperature drops to T reh ∼ 10 2 GeV the reduction in the e-folding number is
and with w reh = 0 we find the minimum value N (k 0 ) 52. In the same way, if reheating lasts to the nucleosynthesis epoch with T reh ∼ 10 −3 GeV we find N (k 0 ) 48 by assuming w reh = 0. On the other hand, as we can see from (26) the equation of state w reh > 1/3 makes the e-folding number larger. However, this possibility acquires somewhat exotic model building. As a result, for our present Hubble scale, k 0 , the e-folding number is bounded between 48 − 63. For the smaller scales such as the pivot scale k * = 0.05 which has always been interested in the literature, the N * is confined between 44 − 59. This knowledge about the limits on the N * is a key ingredient for our next calculations of the spectral indexes in terms of e-folding number. For this end, we consider 3 different kind of single field inflationary potentials belong to the large field, small field and the Starobinsky like models. In the rest of this section we intend to derive the spectral indexes for each potential as a function of N * .
A.
Chaotic potential
To begin with, we consider the chaotic potential V = gφ n from the large field model class where n > 0 and g is the coupling with dimension [g] = (mass) 4−n . As it has been asserted, the comparison with the Planck data favors the chaotic potential with n = 2 [1] . For the epoch N ∼ O(10) before the end of inflation, φ φ e , therefore one can arrive at the following result [17, 18] 
On the base of this approximation and using (4), (9), (10) and (15) we can calculate the scalar and tensor power spectra and slow roll parameters as a function N
We recall that the scalar and tensor spectral indexes are given in terms of slow roll parameters or equally through derivative of the power spectrum. With either method, one can show
where the tensor-to-scalar ratio is given by r = 16 V = −8n t . By the same method, inserting the equations (30) in (13) and (14) we can find α s and β s in the following forms
Using equations (11), (28) and the derivative of power spectrum (6) and (7) we arrive in the same results for α s and β s . We can continue to derive the higher derivatives of spectral index using this approach. After some computations we find the following general result [19] 
In a similar manner for the tensor spectral index we have
Returning to the series (20) and (21) we see that inserting the results (33) and (34) in those equations and making the summation yield
where x ≡ ln(k/k * )/N * . The tensor-to-scalar ratio in general can be determined as a function of k, however we define it at the point of k = k * with no running
Therefore, the key ingredient in deriving the parameters n s (k), n t (k) and r is the parameter N * which in practice can be regarded as a free parameter of model. This would imply that we will have a significant reduction of parameter space. There are no spectral indexes, the running corrections and the tensor-to-scalar ration but only the e-folding number N * takes part in the game. We are going to investigate this issue by data analysis at the end of this work.
B. Starobinsky Model
Another class of inflationary models is extending the theories of gravity up to R 2 term known as R 2 inflation [20, 21] As it has been shown, in the Jordan frame this model can be described by the following potential [22] 
where α is the coupling of R 2 term. There is an excellent agreement between this model and the Planck data [2] . This is due to the small value predicted for the parameter r which means the tiny gravitational waves. For this potential one can also show that [23, 24] 
Employing the method described above provide us
Furthermore, we can calculate
Therefore, using the series (20) and (21) we find
and the tensor-to-scalar ratio for this case is r ≈ 12/N 2 * . Here the k-dependence of the scalar spectral index is the same as the chaotic potential but it is found new forms for the n t (k) and r. However, similar to the previous example the parameter N * remains as a key element in the parameter space.
C.
Hill top potential Now let's examine an example from small field models and consider the symmetry breaking hill top inflaton potential
where Λ is the coupling constant and µ is the value of inflaton at the minimum of potential. We are interested in potentials with p ≥ 3. In this model the slow roll parameters and scalar spectral tilt are given in terms of number of inflationary e-folds as [18] 
Moreover, one can calculate
Therefore the running of scalar spectral index to all orders is given by
The spectral index of tensor perturbations is given in the following form
whereμ = µ/M P l . Hence the running of n t to all orders is
and tensor to scalar ratio parameter is fixed using the relation r = −8n t (k * ). Interestingly, the n s (k) parameter predicted by the hill-top is the same as the those given in Starobinsky and chaotic potentials. However, the n t and r of this model have new forms and in addition to the N * they contain the dimensionless parameterμ. Therefore, the hill-top model contributes one more free parameter in the parameter space.
IV. THE CMB DATA ANALYSIS
After computing the n s (k), n t (k) and then r for a given model, it can be possible to parameterize the primordial power spectra of curvature and tensor perturbations in the following manners
where as we have already stressed the key parameter here is the e-folding number N * . Therefore, unlike the conventional method, fitting the relations (49) with data does not directly constrain the pair (n s − r). Using statistical Markov Chain Monte Carlo (MCMC) technique it will be possible to evaluate the likelihood function, L, and estimate the best fit of the cosmological parameters using CMB data. We adopt the modified version of the CAMB [25] and CosmoMC [26] codes in order to find the regions of parameter space with best fit. The CAMB code generates the CMB angular power spectra from the primordial curvature and tensor power spectrum. The modification of CAMB code is implemented in order to include the power spectra derived throughout this paper. Then one can discriminate between various inflationary models discussed above by analyzing the data and finding the minimum effective χ 2 ≡ −2 ln L max of each model. We investigate the constraints on parameters of models in particular N * . By fixing the N * it will be possible to calculate the spectral index n s or r as a function of N * . This is just for comparing with results of ΛCDM model obtained directly from an MCMC analysis where the r − n s couple is varied in the chain. We perform the numerical analysis for each inflationary model described above by comparing their predictions to the Planck+WP+highL and also Planck+WP+highL+BICEP2 data combinations. So far, we have calculated the spectral indexes n s (k) and n t (k) for three different class of inflationary models. In order to perform the MCMC fit to the data we first change the CAMB to include the new power spectrums with n s (k), n t (k) given in equations (35), (36), (42), (46) and (48) respectively. Note also that for each model we have to take into account its relevant r parameter computed above.
The ΛCDM model is explored by the parameter set (
where Ω b h 2 , Ω c h 2 are the baryon and cold dark matter densities today respectively, τ and 100θ are the optical depth and the angular size of the sound horizon at the time of last-scattering respectively. The primordial perturbations are parameterized by the the set (P R (k * ), N * ) in the chaotic and starobinsky model and the set (P R (k * ), N * ,μ) in the hill top model case. In our chains we consider the flat priors just on the primordial perturbation parameters. We fix the post-inflationary parameters to the typical values consistent with the Planck 2013 data, namely Ω b h 2 = 0.022, Ω c h 2 = 0.12, τ = 0.1 and 100θ = 1.041 [2] . The primordial Helium fraction is also fixed to Y P = 0.24 [2] . We impose flatness condition Ω k = 0, adiabatic initial condition for inflation, massive neutrino with N ν = 3.046. The MCMC chains are also run with the Gelman and Rubin criterion R − 1 = 0.01. We have also fixed the pivot scale to k * = 0.05 Mpc −1 . We summarize the results of our analysis in Table I where the χ 2 and constraint on N * are shown for different inflationary models. Using the N * given for each model, we have computed the n s and r parameters for comparison with the results of the ΛCDM model summarized in Table II . In the following, from ΛCDM model we mean a cosmology with primordial curvature perturbations parameters (P R (k * ), r, n s (k * ), α s (k * ), β s (k * )) and with post-inflationary parameters valued above. Note that in our data analysis, the amplitude P R (k * ) for all inflationary models and also for the ΛCDM model is fixed to P R (k * ) = 2.2 × 10 −9 . The chaotic potential studied for n = 1, 2/3, 2, 4. The powers n = 1, 2/3 are interesting in monodromy inflation models [27, 28] . The constraint on the number of e-folding N * obtained using the Planck+WP+highL and Planck+WP+highL+BICEP2 data sets. We find large error bars on N * because we have summed all of running Planck+WP+highL+BICEP2 data set combinations, given with respect to the mean value. For this model we also find the best fit value P R (k * ) = 2.2 × 10 −9 .
terms while the current data cannot constrain the running terms beyond β s . The best fit point of N * for the n = 2 model lies in the expected range 44 − 59 for the k * scale. However, taking into account the goodness of fit parameter, χ 2 , the n = 1, 2/3 model give better fits to the CMB data. Considering the 1 σ uncertainty, the models n = 1, 2/3 can also satisfy the bound 44 < N * < 59 for both data set. The n = 4 inflation model is disfavored due to worse χ 2 value and also the prediction of large value for N * . The spectral index n s (k * ) and r(k * ) parameters can be calculated using the best fit values of N * . We can go one step further and compute the α s (k * ) and β s (k * ) parameters for each model. Using this implementation, we are now able to make a comparison among these models of inflation and the best fits of the ΛCDM model provided in Table II . The results of hill top potential also have been expressed concisely in Table I . Note that for this model the parameter space is extended by one more parameterμ. Using this fact, one can justify the reduction of χ 2 for this model. However, the best fit values of N * are not within the expected range 44 < N * < 59 for both p = 3 and 4 models. For the Starobisky model we have a parameter space as large as the chaotic model. However, we find a better fit with Planck+WP+highL data. This agreement is due to the the small gravity wave predicted by this model. When we combine the BICEP2 data, the χ 2 is significantly larger than the other models. Therefore, with the future detection of gravitational waves one can rule out the Starobisky model. For the ΛCDM model we estimate the scalar and tensor power spectra by (18) and (19) . With Planck+WP+highL and Planck+WP+highL+BICEP2 data sets one can constrain the spectral index n s (k * ), running of the spectral index α s (k * ) and running of running of the spectral index β s (k * ). The results are summarized in Table II . As we can see the χ 2 is better than the values presented in Table I . This can be explained due to the present of more free parameters. For instance, in comparison with the n = 2 chaotic potential case, the ΛCDM model has 3 additional parameters. Using two data sets we find negligible value for running, α s (k * ) ≈ 0, and β s (k * ) ≈ 10 −2 which is in conflict with the predictions of the inflationary models studied here.
In FIG. 1 we present the angular power spectra, C l , for the CMB temperature anisotropy. In this figure, the solid black curve shows the C l for the ΛCDM model with best fit parameters obtained using Planck+WP+highL+BICEP2 data. The red dashed curve shows the C l given for the n = 2 chaotic potential. To obtain this curve, we have changed the CAMB in order to contain the scalar and tensor power spectrum related to n = 2 model calculated in previous section with the best fit value N * = 52. We have also plotted the CMB Planck data for the comparison. We have selected the n = 2 model because the N * predicted by this model is in the range 44 < N * < 59. As the FIG. 1 shows, the suppression if C l predicted by the ΛCDM model for l < 50 is the most important factor in reducing the likelihood compared to n = 2 chaotic potential. Tables I and II given using the Planck+WP+highL+BICEP2 data. The blue diamonds show the Planck 3013 data.
V. CONCLUSION
It is important to know this issue in the inflationary model tests that how we can compare the model predictions with observational data. As we mentioned there are some methods proposed in the literature to perform such comparison with data. In this work we presented a new method for doing this task at least for simple models of inflation. In this method, we first expanded the logarithm of scalar and tensor power spectra around the pivot scale and then found the series terms for the single field inflation models as a function of N * . The expansion terms are denoted by the spectral index, the running, the running of running and so on. In order to find the series terms we should solve the equations of motion for the inflaton field, φ, at the background to find φ as a function of e-folding number, N * , and then calculate the power spectra as a function of N * . By this approach at the final step one can find the series terms. For the three types of single field inflation models with simple potentials studied here, we could evaluate the sums and find the spectral indexes and consequently the power spectra as a function of k with one or two free parameters depending to the model. We have compared such new power spectra with the standard power spectra of the ΛCDM model consisting of n s (k * ), α s (k * ), β s (k * ) and r variables by using the modified version of CAMB and CosmoMC codes and recent Planck and BICEP2 data. As we have shown in the text, the goodness of fit of the inflationary models with less free parameters is comparable with the ΛCDM model for Planck+WP+highL and Planck+WP+highL+BICEP2 data sets. Using this analysis we can constrain the e-folding number for each inflation model. For an instantaneous reheating stage one expects the bound 44 < N * < 59. The chaotic n = 2 model satisfies this constraint. This is in agreement with the recent conclusions [29] [30] [31] . We expect that our method of analyzing the inflationary models can be extended to other models with more complex potentials and more fields.
